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Parity (P) and time reversal (T) violating nuclear forces create P, T -odd moments in expansion
of the nuclear electrostatic potential. We derive expression for the nuclear electric octupole field
which includes the electron screening correction (similar to the screening term in the Schiff moment).
Then we calculate the Z2α2 corrections to the Schiff moment which appear due to the finite nuclear
size. Such corrections are important in heavy atoms with nuclear charge Z > 50. The Schiff
and octupole moments induce atomic electric dipole moments (EDM) and P, T -odd interactions in
molecules which are measured in numerous experiments to test CP -violation theories.
PACS numbers: 21.10.Ky, 24.80.+y
The measurements of EDM induced by parity- and
time-violating forces provide crucial tests of modern uni-
fication theories. The best limits on P, T -odd nuclear
forces are obtained from the measurements of 199Hg
atomic EDM [1]. Nuclear EDM can not induce atomic
EDM due to complete electron screening of nuclear EDM
(Schiff theorem [2–4]). The first P, T -odd terms that
survive the screening and produce atomic EDM are the
Schiff and octupole moments [5]. In this paper we con-
sider the partial screening of the nuclear electric octupole
moment and the finite nuclear size corrections to the
Schiff moment.
The nuclear electrostatic potential with electron
screening taken into account can be written in the fol-
lowing form (see e.g. [6] for the derivation):
ϕ(R)=Ze
{∫
ρ(r)
|R− r|
d3r + 〈r〉 · ∇
∫
ρ(r)
|R− r|
d3r
}
, (1)
where
∫
ρ(r)d3r = 1, and d = Ze〈r〉 = Ze
∫
ρ(r)rd3r is
the nuclear EDM. The second term cancels the dipole
long-range electric field in the multiple expansion of
ϕ(R). We expand the Coulomb potential in the terms
of Legendre polynomials
1
|R− r|
=
∑
l
rl</r
l+1
> Pl(cos θ), (2)
where r< and r> are min[r, R] and max[r, R] respectively,
θ is the angle between vectors r and R. The Legen-
dre polynomials can be written in the following form:
P1(cos θ) = riRi/(rR), P2(cos θ) = RiRj · qij/(2r
2R2),
where qij = 3rirj − r
2δij is the quadrupole moment ten-
sor (summation over repeating indexes is assumed). The
P, T -odd part of the potential (1) originates from the odd
harmonics l of the first term and even harmonics of the
second term. We start our consideration of P, T -odd part
ϕ(1)(R) of (1) with l = 1 in the first term and l = 0, 2
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in the second term. The dipole part of ϕ(1)(R) corre-
sponds to the Schiff moment field. The third harmonic
l = 3 in the first term of (1) gives the octupole field that
has been considered in [7]. We will add l = 3 later. As
we will show below, account of l = 2 in the second term
of (1) gives the screening of the octupole field. We can
present the P, T -odd part of the potential (1) in the form
φ(1)(R) = Ze
[
Ri
R3
∫ R
0
ρ(r)rid
3r +Ri
∫ ∞
R
ri
r3
ρ(r)d3r
− 〈ri〉
Ri
R3
∫ R
0
ρ(r)d3r + 〈rj〉Ri
∫ ∞
R
qij
r5
ρ(r)d3r
+
(
〈ri〉Rj
R5
−
5
2
〈rk〉RiRjRk
R7
)∫ R
0
qijρ(r)d
3r
]
(3)
Note that for R→∞ the first and third terms of Eq. (3)
cancel each other. Therefore, for their sum we can use∫ R
0
=
∫∞
0
−
∫∞
R
= −
∫∞
R
and present φ(1) as
φ(1) = Ze
[
Ri
∫ ∞
R
(
〈ri〉
R3
−
ri
R3
+
ri
r3
+
〈rj〉qij
r5
)
ρ(r)d3r
+
(
〈ri〉Rj
R5
−
5
2
〈rk〉RiRjRk
R7
)∫ R
0
qijρ(r)d
3r
]
. (4)
Last term in the above equation can be presented as
〈ri〉Rj
R5
−
5
2
〈rk〉RiRjRk
R7
= −
5
2R7
Oijk〈rk〉+{
〈ri〉Rj
R5
−
〈rk〉
2R5
(δijRk + δjkRi + δkiRj)
}
, (5)
where
Oijk =
[
RiRjRk −
R2
5
(δijRk + δjkRi + δkiRj)
]
. (6)
In Eq. (5) the tensor in the brackets {...} vanishes after
convolution with the symmetric tensor qij in Eq. (4).
2Introducing Oijk into Eq. (4) we obtain the equation for
the P, T -odd part of the electrostatic nuclear potential
φ(1) =ZeRi
∫ ∞
R
(
〈ri〉
R3
−
ri
R3
+
ri
r3
+
〈rj〉qij
r5
)
ρ(r)d3r
−
5
2
Ze
R7
Oijk〈rk〉
∫ R
0
qijρ(r)d
3r (7)
The last term in the above expression originates from the
second (screening) term in Eq. (1). It gives the screening
for the octupole field. The octupole appears due to the
third harmonic l = 3 in the Coulomb potential expansion
and for R > RN is given by the equation:
ϕ(octupole)(R) =
5
2
Ze
R7
Oijk
∫ R
0
d3rρ(r)oijk . (8)
In the above equation the nuclear octupole moment ten-
sor is
oijk =
[
rirjrk −
r2
5
(δijrk + δjkri + δkirj)
]
(9)
Taking the screening term into account we can present
the screened nuclear octupole moment tensor in the fol-
lowing form:
o˜ijk = oijk −
1
3
{〈ri〉qjk + 〈rk〉qij + 〈rj〉qki} . (10)
We see that the octupole screening is expressed in terms
of the nuclear electric dipole moment (d = Ze〈r〉) and
the nuclear quadrupole moment operator qij . The par-
tially screened octupole potential is given by
ϕ(3)(R) =
5
2
Ze
R7
Oijk
∫ R
0
d3rρ(r)o˜ijk . (11)
The inner part of the nucleus does not give significant
contribution to the electron matrix elements of the nu-
clear octupole field. The situatution is different for the
Schiff moment field which was considered in Refs. [8–10].
To make the picture for the electrostatic T, P -odd nuclear
potential complete, we will present a brief derivation for
tthe Schiff moment field including the finite nuclear size
corrections. The Schiff moment field is given by the first
term in Eq. (7)),
ϕ(1S)(R)≡ZeRi
∫ ∞
R
(
〈ri〉
R3
−
ri
R3
+
ri
r3
+
〈rj〉qij
r5
)
ρ(r)d3r.
(12)
We see that ϕ(1S)(R) = 0 if R > RN (nuclear radius)
since ρ(R) = 0 in that region, i.e. this potential is local-
ized inside the nucleus.
The electric field of the nuclear Schiff moment polar-
izes the atom and produces atomic EDM. All electron
orbitals for l > 1 are extremely small inside the nucleus.
Therefore, we should consider only the matrix elements
between s and p Dirac orbitals. We will use the following
notations for the electron wavefunctions:
ψ(R) =
(
f(R)Ωjlm
−i(σ · n)g(R)Ωjlm
)
(13)
where Ωjlm is a spherical spinor, n = R/R, f(R) and
g(R) are the radial functions. Using (σ · n)2 = 1 we can
write the electron transition density as
ρsp(R) = ψ
†
sψp = Ω
†
sΩpUsp(R) (14)
Usp(R) =fs(R)fp(R) + gs(R)gp(R) =
∞∑
k=1
bkR
k (15)
The expansion coefficients bk can be calculated analyti-
cally [8]; the summation is carried over odd powers of k.
Using Eqs. (12,14) we can find the matrix elements of
the electron-nucleus interaction,
〈s| − eϕ(1S)(R)|p〉 = −Ze2〈s|n|p〉 ·
{∫ ∞
0
[
(〈r〉 − r) ·∫ r
0
UspdR+
(
r
r3
+
〈ri〉qij
r5
)∫ r
0
UspR
3dR
]
ρd3r
}
=
− Ze2〈s|n|p〉 ·
{
∞∑
k=1
bk
k + 1
[
〈r〉〈rk+1〉 −
3
k + 4
〈rrk+1〉
+
k + 1
k + 4
〈ri〉〈qijr
k−1〉
]}
, (16)
where 〈s|n|p〉 =
∫
Ω†snΩpdφ sin θdθ, 〈r
n〉 =
∫
ρ(r)rnd3r.
Note, that all vector values 〈rrn〉 are due to P, T -odd
correction δρ to the nuclear charge density ρ0, while 〈r
n〉
are the usual P, T -even moments of the charge density
starting from the mean-square radius 〈r2〉 = r2q for k = 1.
In the limit of the point-like nucleus the Schiff moment
potential and its matrix element are given by [5]:
ϕS(R) = 4piS ·∇δ(R) (17)
〈s| − eϕS |p〉 = 4pieS · (∇ψ
†
sψp)R=0. (18)
For the solutions of the Dirac equation the product
(∇ψ†sψp)R→0 is infinite for a point-like nucleus. There-
fore, we need a finite-size Schiff moment potential. We
have shown [8] that this potential increases linearly in-
side the nucleus and vanishes at the nuclear surface. We
suggested an approximate expression for such potential
which is convenient for the calculations of atomic EDM:
ϕS(R) = −
3S′ ·R
B
n(R), (19)
where B =
∫
n(R)R4dR ≈ R5N/5, RN is the nuclear
radius and n(R) is a smooth function equal to 1 for
R < RN − δ and 0 for R > RN + δ; n(R) can be taken as
proportional to the nuclear density ρ0 (note that we can
choose any normalization of n(r) since the normalization
constant cancels out in the ratio n/B, see Eq. (19)).
3TABLE I: Schiff moment S and the ratio of the Zα correction △S = S′ − S to S for 205Tl and 199Hg nuclei. S0 and △S0 are
the bare values, without the core polarization correction produced by the strong residual nuclear forces. Stot and △Stot are the
results including the core polarization effects. In brackets there are values of L′/S ( where L′ = L− S) which are the results
of the calculations from [9]. To obtain the final values of S and S′ = S +△S one should sum the contributions of the three
interaction constants g0, g1 and g2. The units of S are e · fm
3.
S0 △S/S0 (L
′/S0) Stot △Stot/Stot (L
′
tot/Stot)
g0 -0.085 0.05 (-0.1) -0.006 0.09 (-0.05)
199Hg g1 -0.085 0.05 (-0.1) -0.036 0 (-0.15)
g2 0.17 0.05 (-0.1) 0.019 0.06 (-0.08)
g0 -0.075 0.05 (-0.09) -0.014 -0.03 (-0.18)
205Tl g1 -0.028 0.23 (-0.39) -0.082 -0.03 (-0.18)
g2 0.237 0.06 (-0.08) -0.007 -0.34 (-0.51)
We now set the matrix elements (16) of the true nu-
clear T, P -odd potential (12) to be equal to the matrix
elements of the effective potential (19) which are given
by
〈s| − eφ(R)|p〉 = 15e〈s|n|p〉 ·
S
′
R5N
∫ ∞
0
UspR
3n(R)dR
= 15e〈s|n|p〉 · S′
∞∑
k=1
bk
Rk−1N
k + 4
,
(20)
where we have made approximation∫
n(R)RkdR ≈ Rk+1N /(k + 4). Equating (16) and
(20) we obtain
S
′ =
Ze
15
1∑∞
k=1
bk
b1
1
k+4R
k−1
N
∞∑
k=1
bk
b1
1
k + 1[
3
k + 4
〈rrk+1〉 − 〈r〉〈rk+1〉 −
k + 1
k + 4
〈ri〉〈qijr
k−1〉
] (21)
Note that S′ in Eq. (21) differs from the local dipole mo-
ment L defined in Ref. [8] and calculated in [9]. The local
dipole moment L does not contain the sum in the de-
nominator in Eq. (21) and corresponds to the δ-function
form (similar to Eq. (17)) of the effective Schiff moment
potential.
In light atoms (Zα≪ 1) it is sufficient to keep b1 only.
This gives us the well-known expression for the Schiff
moment [5]:
S0 ≡
Ze
10
[
〈rr2〉 −
5
3
〈r〉〈r2〉 −
2
3
〈ri〉〈qij〉
]
. (22)
The first correction is given by the ratio b3/b1.
This ratio is different for matrix elements s -
p1/2 (b3/b1 = −(3/5)Z
2α2/R2N) and s - p3/2
(b3/b1 = −(9/20)Z
2α2/R2N ). However, with the 10%
accuracy we can use the average of these two values
b3/b1 ≈ −0.5Z
2α2/R2N . This gives
S
′ =
Ze
10
1
1− 514Z
2α2
{[
〈rr2〉 −
5
3
〈r〉〈r2〉 −
2
3
〈ri〉〈qij〉
]
−
5
28
Z2α2
R2N
[
〈rr4〉 −
7
3
〈r〉〈r4〉 −
4
3
〈ri〉〈qijr
2〉
]}
(23)
This equation allows one to calculate the Zα corrections
to the Schiff moment. In our work [9] such calculations
were performed for the local dipole moment L. Corre-
sponding expression for the local dipole moment L [8, 9]
does not contain the factor (1 − 5Z2α2/14) in the de-
nominator (see Eq. (23) for S′). All recent atomic EDM
calculations [11–13] have been performed using the Schiff
moment potential in the form (19). Therefore, we calcu-
late the values of S′ for two nuclei of experimental inter-
est, 199Hg (with valence neutron) and 205Tl (with valence
proton), using calculations of L in Ref. [9] .
In [9] we used a finite-range P, T -violating nucleon-
nucleon interaction of the form
W (ra − rb) = −
gs
8pimp
{[g0τa · τb + g2 (τa · τb − 3τ
z
a τ
z
b )]
×(σa − σb) + g1 (τ
z
aσa − τ
z
b σb)} ·∇a
e−mpirab
rab
,
(24)
wheremp is the proton mass and rab = |ra−rb|. The core
polarization corrections produced by the strong residual
nuclear forces have been calculated using the RPA tech-
nique.
Results of the calculations of the Schiff moment and
Zα corrections are presented in Table I. As one can see,
in most cases use of S′ (instead of L) leads to smaller
values of the Zα corrections. For S′ typical values of the
Zα corrections are about 5-10%. Larger Zα corrections
(up to 34% for S′ and 51% for L) appear in the cases
where the main contributions are suppressed.
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